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We carry out a comparative study of the influence of a random anisotropy field on continuous and discon-
tinuous phase transitions. The ordered phase, which is reached via a continuous symmetry breaking phase
transition, is characterized by an order parameter and by a corresponding hydrodynamic continuum field. We
assume that the response of the hydrodynamic field to the imposed disorder results in a domainlike pattern of
the system. For a strong enough disorder both transitions become gradual. For weaker disorder strengths the
disorder converts a second order transition into a discontinuous one.
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For years there has been considerable interest in the influ-
ence of randomness on the phase behavior of condensed mat-
ter systems. The pioneering studies were mostly modeling
magnetic systems. Imry and Wortisf1g have shown that
quenched disorder can smooth a first order phase transition
realized in a pure system. For a second order phase transition
the Harris criterionf2g is widely known. It claims that
quenched disorder is a relevant perturbation at a second or-
der phase transition ifa.0 in the pure system. Herea
stands for the critical exponent for the specific heat. Imry and
Ma f3g have shown that phases reached via a continuous
symmetry breaking phase transition are particularly suscep-
tible to disorder.

In recent years various liquid crystalsLCd phases either
confined to different porous materials or mixed with aerosil
particles were chosenf4g as paradigm systems to study the
influence of disorder. The reason is their experimental acces-
sibility arising due to their liquid, soft, and anisotropic optic
properties. The randomness in these systems is introduced
mainly by randomly varying the orientational anchoring con-
ditions at a LC-pore or LC-aerosil interface. Such binary
systems, where the phase behavior of the LC component is
perturbed by either inert porous matrices or aerosil particles,
are roughly characterized by a characteristic geometrically
imposed lengthl0. Typically l0 ranges between nanometer
and micrometer sizes. In the case of porous matricesl0
stands for an average linear void sizef5,6g of the system and
for aerosilsf7g it reveals the average separation between par-
ticles. It is widely believed that with decreasingl0 the degree
of randomness increasesf6–8g. Most studies so far have fo-
cused on the first order isotropic-nematicsI-Nd and the sec-
ond order nematic–smectic-A sN–Sm-Ad phase transition. In
these cases the continuous symmetry in the orientationalsI
-Nd and translationalsN–Sm-Ad degree of ordering is bro-
ken. Experimentsf4–8g show that below critical valuesl0
; lc phase transitions become gradual, wherelc is compa-
rable to the relevant order parameter length. Further with
decreasingl0, wherel0. lc, the phase transition temperatures
become increasingly depressed and phase transition singu-

larities broadened. However the interpretation of experimen-
tal results is rather difficult, because they reflect the interplay
among randomness, interface wetting, and finite size effects
f9g. From the theoretical and numerical side the influence of
randomness on such systems was studied using random field
f10g and random anisotropyf10–13g methods, where several
problems remain open. Further theoretical and numerical
studies are needed for a more detailed understanding of re-
alistic systems.

In this paper we carry out a comparative study on the
influence of noncorrelated random anisotropy type disorder
on the sid first and sii d second order continuous symmetry
breaking phase transitions of an elastic system using a simple
mean-field approach. For perturbed LC phases these cases
mimic well the sid I-N and sii d N–Sm-A phase transitions.
We show that in both cases a strong enough disorder con-
verts the transition into a gradual evolution of the order as a
transition driving parameter is varied. Below this threshold,
for the case of the continuous phase transition in a pure sys-
tem, the disorder converts the transition into a discontinuous
one. The plan of the paper is as follows. We first introduce
the free energy of the system and representative continuum
fields. We write down an effective expression for the free
energy, where the influence of disorder is presented via the
domain structure of the system. Finally we calculate the
phase diagram of the system and discuss the results.

We consider an elastic system perturbed by a noncorre-
lated random anisotropy type of disorder. The phase ordering
and structure of the ordered phase are described with a non-
conserved order parameterf and a continuum field revealing
a long range order of the ordered phase, which we describe
by a unit vector fieldmW . The phase transition is driven by a
scalar fieldt se.g., the temperatured. We assume thatsid at the
phase transition the continuous symmetry of the parent
phase, i.e., of the fieldmW , is broken. Furthersii d, the newly
reached bulk phase is in equilibrium characterized by a ho-
mogeneous equilibrium ordering inf and mW . Consequently
the fieldmW exhibits a Goldstone mode and is classified as the
hydrodynamic fieldsi.e., the energy costs of long wavelength
l field excitations vanish in the limitl→`d. We further
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introduce a random anisotropy field which randomly varies
from a site to site.

In the case of perturbed LC phases this description can
mimic the isotropic-nematic or the nematic–smectic-A phase
transition. The simplest representative continuum fields, de-
scribing the ordering in the ordered LC phases, are the fol-
lowing. The orientational ordering in the nematic phase is
given by the nematic director fieldnW and the uniaxial order
parameter fieldS. HerenWsrWd points along the average orien-
tation of a LC molecule at a point denoted byrW and SsrWd
describes the extent of fluctuations about that direction. The
translational ordering in the smectic-A phase is convention-
ally described with the complex order parameterc=heiw.
The translational order parameterhsrWd describes the extent of
layering and the position of layers is given by the phase
factor wsrWd. In the case of weakly perturbed layers one con-
ventionally expresses the phase factor with the displacement
field uW: w=qW0·srW+uWd. Here the wave vectorqW0 describes the
equilibrium layer stacking. Therefore for thesid I-N and sii d
N–Sm-A phase transition the role of the field pairsf ,mW d is
played bysid sS,nWd and sii d sh ,uWd, respectively.

The corresponding dimensionless free energy densityf of
a three-dimensional system is expressed asf = fb+ fe+ fARF,
where the termsfb, fe, and fARF describe the bulk, elastic,
and random anisotropy contribution tof.

We express the bulk term as either

fb ; fb
s1d = tf2 + f2s1 − fd2 s1d

or

fb ; fb
s2d =

1

2
tf2 +

1

4
f4. s2d

Here fb
sid triggers in the bulk and forfe= fARF=0 either the

first si =1d or secondsi =2d order phase transition att; tc
=0. We name thet. tc and t, tc phases as theisotropic and
orderedphases. We also henceforth refer to thei =1 and 2
options as the discontinuous and continuous cases, respec-
tively.

The equilibrium phase behavior forf ; f sid= fb
sid in bulk is

the following. For the continuous case the equilibrium order
parameter equalsfbst. tcd=0 and fbst, tcd=Î−t. For the
discontinuous we havefbst. tcd=0 and fbst, tcd= 3

4s1
+Î1−8s1+td /9d. The supercoolingst; t*d and superheating
st; t** d values oft are equal tot* =−1 andt** =1/8, respec-
tively.

The elastic term, describing the elastic penalties for a non-
homogeneous ordering of the system, is modeled byfe
=k0u¹fu2+kf2u¹mW u2, where¹ stands for the gradient op-
erator. The positive elastic constantsk0 andk are enforcing
homogeneous ordering inf andmW .

The anisotropy random field term is expressed as
fARF=−LP2smW ·eWd, where the positive constantL measures
the disorder strength tending to alignmW locally alongeW. Here
the unit vector fieldeW randomly varies from site to site and
P2sud=s3 cos2 u−1d /2 is the Legendre polynomial.

The degree of ordering and the structure of the system for
a finite value ofL depends on the interplay between the

introduced free energy contributions. In the following we
adopt the Imry-Ma argumentf3g which claims that for any
strength of the disorder the system breaks into a domain-type
pattern, characterized by a dominating average domain size
jd. We assume that within each domain, characterized by an
average orientationmW d, the orientational ordering gradually
changes on crossing a domain. We thus setu¹mW u2,1/jd

2,
reflecting a typical response of a hydrodynamic-type field
over a geometrically available space. We further assume that
on average the distortions at the domain boundaries are not
too high si.e., the drop of ordering there can be neglectedd.
Consequently we discard infe the contribution arising from
u¹fu2.

With this in mind we can estimate the structure and de-
gree of ordering of the system by focusing only on an aver-
age free energy density of an average domain of characteris-
tic linear size jd: f sid, fb

sid+kf2/jd
2−LfP2. Note that P2

averages to zero for an isotropic distribution ofeW within a
domain, which is in practice realized forjd→`. For a finite
value of jd the central limit theorem suggestsP2,1/ÎN,
whereN,sjd/jrd3 counts the number of random sites within
a cluster. Herejr estimates a distance on which a random
variation ineW takes place. We setjr =1 and henceforth all the
distances are measured in units ofjr. In order to avoid sin-
gularity in f sid for jd→0 we introduce the lengthj2=jd

2−jr
2

=jd
2−1 which we henceforth treat as a variational variable.

Thereforej=0 signals thatjd equalsjr. Note that this step
does not introduce any additional qualitative features into the
problem and introduces only minor quantitative changes.

With this in mind the effective free energy density of the
system simplifies to

f sid = fb
sid +

kf2

1 + j2 −
Lf

s1 + j2d3/4. s3d

We continue by studying the phase ordering, represented by
variational parametersf andj.

The fb
sid contribution reveals the competition between or-

dering andthermaldisordering fluctuations. ThefARF term is
a source of additionalstatic disorder. This term introduces a
kind of frustration into the system. Its local tendency is to
enhance the ordering becausefARF~−f. However it also en-
forcesj°0, which introduces elastic penalties into the sys-
tem, that tend to decrease the degree of ordering.

Minimizing Eq. s3d with respect toj leads to

j = H0 whenf , fc,

fsf/fcd4 − 1g1/2 whenf . fc,
J s4d

where fc=3L / s4kd stands for the crossover value of the
order parameter.

The resulting free energy can be now expressed as a func-
tion of f only:

f sid = H fp
sid = fb

sid − Lf + kf2 whenf , fc,

fs
sid = fb

sid − s27/256dsL/kd4f−2 whenf . fc.
J

s5d

The subscriptsp ands stand for thepara-orderedandspero-
orderedphase, respectively, referring to the phase ordering
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for L.0. The para-ordered phase refers to a weakly ordered
isotropic phase withj=0. The spero-ordered phase repre-
sents an ordered phase with a finite value ofj. The terminol-
ogy we use is analogous to the one used for liquid crystals.
There the para- and spero-ordered phases stand for the
paranematic and speronematic phasesf9g, respectively.

We study numerically the phases transition between para-
ordered and spero-ordered phases, taking place attc
= tcsL ,kd. The resulting phase diagrams in thesL ,td plane,
calculated fork=1, are shown in Fig. 1. In Fig. 2 we plot the
jump Df of the order parameter at transition lines, measur-
ing the strength of the first order phase transitions. The
average size of domains is shown in Fig. 3. We note that the
first order case has already been treated in detail for the
I-N transition in liquid crystalsf9,11g.

In both cases with increased strengthL the critical vale
tcsLd monotonically decreases ifL,Lc

sid, whereLc
s1d,1.39

and Lc
s2d,1.40. Above the critical strengthLc

sid the transi-

tions become gradual. Therefore forL.Lc
sid a gradual evo-

lution between the para-ordered and spero-ordered phases
takes place. A remarkable result of this study is that the dis-
order converts the second order transition into a discontinu-
ous one, provided that 0,L,Lc

s2d,1.40. The first order
transition character forL.0 stems from the competition
between the condensationsfb

s2dd term, which is ready to es-
tablish an ordered state fort,0, and the disordering term
sfARFd. In the 0,L,Lc

s2d regime these terms are compa-
rable. Within the intervals0,Lc

s2dd there are two distinct re-
gimes. For a weak enough disordersL,0.4d the strength of
the transition is an increasing, and above this regime a de-
creasing function ofL. For L.Lc

s2d the noncritical disorder
contribution is strong enough to wash out any discontinuity
as t is varied.

To conclude we compared the influence of the random
anisotropy field on the first and second order phase transi-

FIG. 1. The critical valuetc of the transition driving control
parameter as a function of random field disorder strengthL. The
casessad andsbd correspond to condensation potentialsfb

s1d fEq. s1dg
and fb

s2d fEq. s2dg, exhibiting sad discontinuous andsbd continuous
phase transitions in unperturbed samples;k=1.

FIG. 2. The strength of discontinuous transitions as a function of
L. The first sfull lined and secondsdashed lined order cases are
superimposed for comparison;k=1.

FIG. 3. The domain length of the ordered phase at the transition
line. Full and dashed line mark the discontinuous and continuous
cases, respectively;k=1.
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tions. In both cases a strong enough disorder converts the
transitions into a gradual evolution of order ast is lowered.
Note that there have been numerous studies showing influ-
ences of different agents causing a first↔second order phase
transition conversion. Halperin, Lubensky, and Maf14g have
shown that a coupling between an order parameter and fluc-
tuations in a hydrodynamic-type field can trigger a
second→first conversion. In this case hydrodynamic-type
field fluctuations effectively introduce af3 term in an
fb

s2d-type condensation potential. In addition a second→first
perturbation induced crossover can be expected in systems
close to the tricritical point. In this case in the nonperturbed
system is characterized by a relatively weak positivef4-term
contribution, which necessitates also the presence of a posi-
tive f6 term in fb

s2d. Coupling with impuritiesf15g or stress
f16g can effectively introduce a contribution proportional to
−f4. The relative competition betweenf4-type contributions

now decides the character of the transition. Our study sug-
gests an additional source of the second→first phase transi-
tion conversion. With this respect the study carried out by
Aharonyf17g on randomly perturbed magnets is worth men-
tioning. He was using the Harris, Plischke, and Zuckermann
Hamiltonian f18g and the renormalization-group technique.
He observed that uniaxial random perturbations can destabi-
lize the fixed point describing the continuous phase transition
in the unperturbed system. He claimed that this instability is
the signal of a smeared transition. However, this can be
caused also by a first order transitionf19g.
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